
J O U R N A L  O F  A P P L I E D  M E C H A N I C S  AND T E C H N I C A L  PHYSICS 49 

FIE LDS OF RANDOMLY DISTRIBUTED DISLOCATIONS AND FORCE DIPOLES 
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A uniform mathematical representation of singularities of the stress 
field of an elastic medium is proposed. Characteristics of one-, two- 
and three-dimensional distribution of dislocations and force dipoles 
are introduced, and a general method of calculating the correspond- 
ing Stresses in an infinite elastic anisorropic medium is discussed. 
The equivalence of the stress fields of dislocations and force dipoles 
is demonstrated, and the application of the method is illustrated on 
some simple problems of spherical and cylindrical symmetry. 

1. De l t a  f u n c t i o n s  d e f i n e d  by s u r f a c e s .  * Le t  K d e -  
no te  a f u n d a m e n t a l  func t ion  s p a c e  of  E u c l i d e a n  s p a c e  
R 3 c o n s i s t i n g  of i n f in i t e ly  d i f f e r e n t i a b l e  f in i t e  f u n c -  
t i ons  ~v(x) o f a  p o i n t x  (x 1, x 2, x3),  and l e t  L b e  a 
c e r t a i n  c u r v e .  T h e  e q u a t i o n  

I 6 (L) (~ (x) dx = f ~ (xr) dL, (1.1) 
L 

w h e r e  dL  is a l i ne  e l e m e n t ,  de f i ne s  on K the  g e n e r a l -  
i z e d  func t ion  5(L). F u n c t i o n s  5(S) and  6(V) fo r  a s u r -  

f ace  S and v o l u m e  V a r e  s i m i l a r l y  d e f i n e d :  

i ~ (s) ~ (x) dx = I ~ (xs) dS, 
S 

f 6(V)(p(x)dz  = l ~ (xv )dV,  (1 .2)  
V 

i t  b e i n g  e v i d e n t  tha t  6(V) c o i n c i d e s  wi th  the  c h a r a c -  

t e r i s t i c  func t ion  of  t he  d o m a i n  V. With r e s p e c t  to 
L, S, and V, the e x i s t e n c e  Of only  the  r i g h t  s i d e s  in 
(1.1) and (1.2) is a s s u m e d .  It is a v a l i d  p r o p o s i t i o n  
tha t  

6(L) = f ~ (x--xL) dL, (1.3) 
L 

which  shou ld  be  u n d e r s t o o d  in the  s e n s e  tha t  

f dx(p(x) I S(x- -xL)dL= 
L 

L 

S i m i l i a r l y ,  

6 ( S ) =  f6 (x - -xs )dS ,  6 ( V ) =  I6(X--xv)dV.(1.4)  
S V 

Let ,  fo r  i n s t a n c e ,  L r e p r e s e n t  the a x i s  x 3 and S 
the p l ane  x lx  2. T h e n  6(L) and 6(S) m a y  be r e p r e s e n t e d  

*With r e f e r e n c e  to  g e n e r a l i z e d  f u n c t i o n s  a s s o c i a t e d  
wi th  s u r f a c e s  s e e  a l s o  [1]. It s h o u l d  be po in t ed  out,  
h o w e v e r ,  tha t  the f u n c t i o n a l s  c o n s i d e r e d  t h e r e  d i f f e r  
f r o m  the 5 - f u n c t i o n s  i n t r o d u c e d  be low.  

as  the  d i r e c t  p r o d u c t  of o n e - d i m e n s i o n a l  6 - f u n c t i o n s  
and func t ions  i d e n t i c a l l y  equa l  to uni ty,  

5(L) = 6 ( z  ~) • 6 (x 2) • i (xa), 

( S ) = l ( z  x , z  ~) • 5(z~) .  

We h a v e  

S 

I 6(S) dL= f l(O' O)• 3) dx 3=1. 
L 

Hence in this case it may be stated that 

8(L) 6(S)  = 6 (z ~) • 6 ( . e )  • 6 ( x  a) = 6 (x) .  (1.5) 

It is e a s i l y  s e e n  tha t  (1.5) does  no t  depend  on the  
s p e c i f i c  f o r m  of L and S p r o v i d e d  that  t hey  i n t e r s e c t  
a t  one po in t  x = 0. C o n s e q u e n t l y ,  in the  g e n e r a l  c a s e ,  
i f  L i n t e r s e c t s  S a t  one  po in t  x = x0, we  h a v e  

(L) ~ (S) = 5 (x - -  xd. 

F o r  bounded  L, S, and V, 

(1.6) 

f 6(L)dx=l,  I 6(S.)dx=s, f S(V)dx=v,  (1.7) 

w h e r e  l ,  s and v deno te ,  r e s p e c t i v e l y ,  l eng th ,  s u r -  
f ace  a r e a  and v o l u m e .  

If  V c o n t r a c t s  to a po in t  x0, t h e n  

6(V).~v6(x--xo), l i m + 6 ( V ) = 8 ( x - - x 0 ) .  (1.8) 
V-->X o 

S i m i l a r  a s y m p t o t i c  f o r m u l a s  a r e  o b t a i n e d  fo r  5(L) 
and 6(S). 

In add i t i on  to s c a l a r  f u n c t i o n s  we s h a l l  c o n s i d e r  
v e c t o r  5 - f u n c t i o n s  6(L v) and 5(S v) which ,  fo r  o r i e n t e d  

p i e c e w i s e  s m o o t h  L and S, a r e  de f ined  by r e l a t i o n s  

f ~ (L~) ~ (z) dx = l ~ (xL) dL ~ (~L ~ - ~ ~s 
L 

f ~(s~)~(x) dx= l ~(:~s) es~ (es'=.'es),  (1.9) 
S 

w h e r e  X(XL) and nV(xs) a r e ,  r e s p e c t i v e l y ,  t he  uni t  
v e c t o r  t a n g e n t  to L and the  n o r m a l  to S. F o r  bounded  
L and S 

f6(L~)dx = l v, I6(SV)dx = s~, (1.10) 

w h e r e  lU and  s u a r e  v e c t o r  l eng th  and s u r f a c e  a r e a .  
F o r  c l o s e d  L and S, t h e s e  a r e  e q u a l  to z e r o .  If L 
and  S i n t e r s e c t  at  one po in t  x = x0, then 

6 (L,3 6 (S ~) = • 6 (x --  z,) ,  (1.11) 

d e p e n d i n g  on w h e t h e r  o r  not  t h e i r  o r i e n t a t i o n s  a r e  
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matched. In fact, by deforming L and S one can t r a n s -  
form them into a s t ra igh t  l ine and plane with cons tant  
uni t  vec to rs  k ~ and n v, and reduce  the problem to 
(1.6). 

The der iva t ives  of 5-funct ions  a re  de t e rmined  in 
the usua l  way, by switching the operat ion to the fun-  
damenta l  function, e . g . ,  

f ~.~ (s~) r (x)d~ = - -  1~. ~ (,~s) dS ~ 
S 

The above- in t roduced  5-funct ions  have a s imple  
geome t r i ca l  in te rpre ta t ion .  R e a n  be shown that,  
c o r r e c t  to  the cons tan t  factor ,  they cons t i tu te  k e r n e l s  
of the co r re spond ing  averag ing  opera tors  with r e spec t  
to L, S a n d V .  

Of cons ide rab le  impor t ance  a re  re la t ions  of the 
Stokes formula  type for 5-funct ions .  Let V be a do-  
ma in  in R 3 with a p iecewise  smooth  boundary  S (with 
matched or ienta t ions) .  Then for the t enso r  p ( in-  
dices a re  omitted) we have 

f ~.~ (~) P (*) d~ = - 10~p (x~) dv  = 

= - fP  (x~) d &  = - I 8  (&)  p (,) dx. 

Hence 

grad 6 07) = --  6 (S). (1.12) 

Consequent ly,  for a c losed  sur face  S, 

rot 6 (S) = O. (1.13) 

Let now S be a two-d imens iona l  su r face  with a 
p iecewise  smooth boundary  L (with matched o r i e n -  
tat ions) .  T h e n ,  f rom the fo rmulas  (eXP v is  an a n t i s y m -  

m e t r i c  pseudotensor )  

f ~,.-< ~ (s,.) p (~) d .  = --I~,.~,,%p (,~) d& = 
S 

= - - f p  (xL)dL ~ = - - f6  (L ~) P (x)dx 
L 

there  follows 

rot6 (S) = 6 (L). (1.14) 

Hence, for a c losed contour  

div 6 (L) = 0, (1.15) 

Now let  there  be given an o r ien ted  contour  L and 
on this  contour  a c e r t a i n  s c a l a r  or t e n s o r  function 
f (XL). Then,  the c o r r e s p o n d i n g  5- func t ion  with weight 

f (XL) is  g iven by 

f[](XL) b(L)](p(x)dx~ l,p(xL)](xL)dL. (1.16) 
L 

The other  weighted 5- funct ions  a re  d e t e r m i n e d  in 

a s i m i l a r  way. 
The de r iva t ives  of the weighted 6-funct ions  a re  

d e t e r m i n e d  in the usua l  way, by switching the o p e r -  
at ion to ~(x). When this cannot  lead to m i s u n d e r -  
s tanding,  b racke t s  in the e x p r e s s i o n s  for the weighted 
5- funct ions  will  be omi t ted ,  e .g .  , rot/ax Mx(x L) 5(L), 

where  the opera to r  ro t  applies  to the whole e x p r e s -  
sion.  It is eas i ly  seen that  the following re la t ions  
hold: 

6(ff)=X~(xLi6(L), 6(S~)=n~(xs)6(S), (1.17) 

where  k~ and n ~ a re ,  r espec t ive ly ,  the unit  tangent  
vec tor  and normal .  

2. C ha r a c t e r i s t i c s  of the d i s t r ibu t ion  of d i s l oca -  
t ions and force dipoles.  The KrSner  equation, which 
r e l a t e s  i n t e rna l  s t r a i n s  e with the overa l l  densi ty of 
in te rna l  s t r e s s  sources  ( incompat ibi l i ty)  7, takes  
the form [2] 

Rot e = ~l, (2.1) 

where the opera tor  Rot is defined by 

It is a s s u m e d  now that the in te rna l  s t r e s s e s  a re  
produced by dis locat ions .  If, as is usual ,  we i n t roduce  
a d i s loca t ion  densi ty  t enso r  a which sa t i s f i es  the con-  
dition div a = 0, then, as is known, * for ~ we have 

~tx~ = rot!~ cr ~> . (2.2) 

It should be pointed out that unl ike 7, in the f r a m e -  
work of the cont inuous model  a is a d i rec t ly  m e a s u r -  
able  value. 

In addit ion to ~? and a ,  we shal l  in t roduce a th i rd  
(perhaps most  convenient  in applicat ion) c h a r a c i e r -  
i s t ic  of the d i s t r ibu t ion  of d is locat ions .  Let us a s s u m e  
that 

a = rot ~, (2.3) 

where  # ,  denoting the t enso r  of the dens i ty  of d i s -  
locat ion momen t s ,  is a quant i ty  which can be d e t e r -  
mined  c o r r e c t  to the g rad ien t  of an a r b i t r a r y  vec tor  
field. We then h a v e  

~lx~ = rot()~a ~0~ rot(.x~ ~) ~ = ro t .~  = I/ot!'~d~(~): (2.4) 

Hence it follows that  ~? and, consequent ly ,  ~ (but 
not ~) a r e  not affected by the a n t i s y m m e t r i c  compo-  
nent  p .  

Let us cons ider  a su r face  S bounded by a contour 
L, and let  b v denote a cons tant  vector .  In view of 
(1.15), the exp res s ion  

cr = b~6 (L ~) (2.5) 

may be r ega rded  as the densi ty  of some d i s t r ibu t ion  
of d is locat ions .  Let us now choose an a r b i t r a r y  s u r -  
face F i n t e r s ec t i ng  L at  one point,  and let  us c o n -  
s ide r  the flux ~ through F. Taking into account  (1.11), 
we find 

1~-(x~)dP~= b~ f ~ ( L ~ ) ~ w ~  = j =  t, ~ 
F F 

Here  the s igns  plus or minus  a r e  used depending 

*Here and hencefor th ,  round b r a c k e t s  denote s y m -  
m e t r i z a t i o n  with r e s p e c t  to those ind ices .  
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on whether or not the orinetations of L and F are 

matched. 

Since this flux does not depend on the choice of F 

intersecting L, and since it is equal to zero if F does 

not intersect L, it follows that (2.4) represents the 

density corresponding to an edge dislocation with 
contour L and Burgers vector b ~'. On the other hand, 
taking into account (1.14) and (1.17), we have 

z: ~'~ (x) = rot~b~5 (S ~) = rot~b~n ~ (xs) 6 (S), (2.6) 

i. e . ,  c~ may a lso  be i n t e rp re t ed  as the d i s t r ibu t ion  of 
d i s loca t ions  over S with cons tan t  Burge r s  vec tor  b u 
and a su r face  densi ty  of moments  MPQx S) = bUnP(xs). 
The quant i ty  

~t ~ (x) = b~6 (S ~) = .,il ~ (xs) 6 (S) (2.7) 

is the densi ty  of d is loca t ion  moments  co r r e spond ing  
to the d i s t r i bu t ions  (2.6) or  (2.4). This  may  be ex- 
tended to the case  of an a r b i t r a r y  d i s t r ibu t ion  of d i s -  
loca t ions .  For  ins tance ,  let  the d i s loca t ions  be d i s -  
t r ibu ted  in some domain  V. Then  the mos t  gene ra l  
c h a r a c t e r i s t i c s  of the d i s loca t ion  d i s t r ibu t ion  a re  
the dens i t i e s  

~0~ (x) = M ~ (~v) ~ (V), 

zr ~'~ (x) -- r o ~ M  p~ (xv) 6 (V), 

n ~ (x) = R o t ! ' ~ M  (~) (Xv) ~ (V), (2.8) 

where  M p U(xv) is the volume dens i ty  of d is loca t ion  
moments .  

In the ease  of d i s loca t ions  d i s t r ibu ted  over  a s u r -  
face S or  contour  L, 6(V) should be rep laced  by 5 (S) 
or 6(L) and MPU(xv) by MPU(xs) or MPU(XL) , i . e .  , by 
sur face  or l ine dens i t i e s  of d i s loca t ion  moments .  

In the l imi t ing  ease  of an e l e m e n t a r y  d is loca t ion ,  
which can be obtained,  for ins tance ,  by con t rac t ing  
the su r face  S in (2.6) to a point x0, o r - -what  amounts  
to the s a m e - - b y  r emov ing  the obse rva t ion  point  to a 
suff ic ient  d i s tance  x, the e x p r e s s i o n s  for #, ~, and 
V become [taMng into account  (1.8)] 

~" (x) = M ~ 5 (x - -  x0), a ~ (x) = rot.~M~6 ( x - -  x0),. 2 ~. 

n ~  (x) = Rot~:~M (~) 5 (x - -  x0), M~ ~ = b~s~ ' ( . u~ 

where sP is the vector area of S. 

The distribution of force dipoles in V is similarly 

characterized by 

ject,  but from the standpoint  of in te rna l  s t r e s s e s  the 
informat ion  it gives is use less .  The dis locat ion " in-  
compat ib i l i ty"  V contains  complete  in format ion  about 
in te rna l  s t r e s s e s  produced by d is loca t ions ,  but not 
about d is locat ions  as such. The moment  densi ty  p con-  
ta ins  complete  in format ion  about d is loca t ions ,  but 
c o r r e c t  only to ~v,  where  v is  an a r b i t r a r y  vec tor ;  
in r e l a t ion  to i n t e rna l  s t r e s s e s  p is  defined c o r r e c t  
to d e f v  + w, where  co is an a r b i t r a r y  a n t i s y m m e t r i -  
cal t e n so r .  * 

The equivalent  densi ty  of body forces  f contains  
complete  in format ion  about force dipoles as sources  o 
of s t r e s s e s  but not about the dipole d is t r ibut ion.  The 
dipole moment  densi ty  q contains complete  in format ion  
re la t ing  to dipole d is t r ibut ion;  however,  with respec t  
to s t r e s s e s  it is defined c o r r e c t  to an a r b i t r a r y  t enso r  
p which sa t i s f ies  the condit ion p �9 A = 0. 

3. Fie lds  of d is locat ions  and force dipoles. It fo l -  
lows f rom (2.1) that in te rna l  s t r e s s e s  in the l i nea r  
theory  sat isfy  equat ions 

Rot C-~(~ = ~], div r; = 0, (3.1) 

where  C is the e las t ic  cons tan t  tensor .  If the d i s t r i -  
bution of d is locat ions  is known and nonzero  only in a 
f inite domain,  the solut ion of (3.1) in an infinite m e -  
dium may, taking into account  (2.4), be wr i t ten  in the 
form 

~ (x) = H ? ~ ,  ~'~ = 

--~,%.~ ..~,~ . . . .  Rot ~H. ~:* (3.2) 

where  Hq~xu(x) is  the G r e e n ' s  t enso r  for i n t e rna l  
s t r e s s e s  [6l. The opera t ion * denotes ,  as usual ,  con-  
volution. 

Let us c o r r e l a t e  the d i s t r ibu t ion  of d is locat ions  
with a moment  densi ty  #P ~ and the d i s t r ibu t ion  of 
force dipoles with dual s y m m e t r i c a l  moment  densi ty  
qpV, us ing  the r e l a t i on  

qP~ = - -  C~.Y~.~ ~,, ~t(~)= - -  C-~f~:q ~ . (3.3) 

Then,  s t r e s s e s  cr' co r r e spond ing  to q sa t is fy  equa -  
t ions 

Rot C -1 o' = 0, div o' = --  / (/==--diwl), (3.4) 

whose solut ion may be wr i t ten  (with the aid of the 

f ( z )  = - - a , , Q ~  q ~ ( x ) =  Q ~ ' ( x v ) 6 ( v ) ,  (2.10) 

where  9 (x) is the dens i ty  Of the equiva lent  body force,  
qPV (x) the dens i ty  of dipole momen t s ,  and Qpv (Xv) 
the vo lume dens i ty  of dipole m o m e n t s .  To obta in  the 
d i s t r ibu t ion  of dipoles  on S or  L, one should r ep l ace  
5(V) by 5(S) or  5(L) and QPU(xv) by QPU(xs) or QPu(XL) , 
i. e . ,  by the su r f ace  or l ine dens i ty  of dipole m o m e n t s .  

Let us compa re  the d i f fe ren t  c h a r a c t e r i s t i c s  of the 
d i s t r ibu t ion  of d i s loca t ions  and force  dipoles ,  a s s u -  
ming that the other  c h a r a c t e r i s t i c s  of the medium a re  
constant .  The d i s loca t ion  dens i ty  oz gives  full i n f o r -  
mat ion about  d i s loca t ions  r e g a r d e d  as a phys ica l  ob-  

*It can be shown that  p f o r m a l l y  coincides  with 
K r S n e r ' s  p las t ic  d i s to r t ion  t iP [2], I ndenbom' s  r e s i -  
dual d i s tor t ion  ~o [3] and Kroupa ' s  d is locat ion  loop 
dens i ty  7 [4] (see a l so  [7]). Gene ra l l y  speaking,  
however ,  al l  these p a r a m e t e r s  a re  not funct ions of 
s tate  and depend on the h i s to ry  of the medium [4]. If 
t he re fo re  the d i scuss ion  is confined,  as in the presen t  
case ,  within the f r amework  of the e las t ic  cont inuum,  
it is adv isab le  not to a s c r i b e  to p any independent  
physica l  meaning  but to r ega rd  it as a t e n s o r  poten-  
t ia l  of the dish)cat ion densi ty  ~. 
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G r e e n ' s  s t r e s s  t enso r  of the theory of e las t ic i ty)  in 
the form 

a'~ (x) = G?~.p * f t .  (3.5) 

Equating (3.4) to (3.1) leads d i rec t ly  to an impor tan t  
re la t ion :  

o ' = a ' - - q = o '  +Cix.  (3.6) 

In other  words ,  each p rob lem of the ( l inear)  con-  
t inuous theory of d is loca t ions  for an infini te  medium 
with a given moment  densi ty  p can be unambiguous ly  
c o r r e l a t e d  with a p rob lem of the c l a s s i ca l  theory  of 
e las t i c i ty  with a dual densi ty  of force dipole moments  
q, the co r re spond ing  s t r e s s e s  being re la ted  by (3.6), 
which were  f i r s t  wr i t t en  in expl ic i t  form (for an i s o -  
t ropic  medium) in [4]. 

If (3.5) is t r a n s f o r m e d  (taking into account  (3.3)) for 
a ' ,  we obtain an exp res s ion  for the d i sp l acemen t  ux 
co r re spond ing  to the force dipole densi ty  

a pv / p  u x ( x ) = G . . x * ~ t ~ = U x ~ *  , (3.7) 

where  Uhp is the G r e e n ' s  d i sp lacemen t  t enso r  of the 
theory of e las t ic i ty .  

Since in the  region,  in which ~ = 0, the s t r e s s  (r 
coincides  with ~',  in this  (and only in this) reg ion  u 
may be r ega rded  as a, gene ra l l y  speaking,  nonunique 
vec to r  potential ,  in  t e r m s  of which e and (T a re  (lo- 
ca l ly  exp re s sed  by the usua l  f o r m u l a s .  With this  r e s -  
e rva t ion ,  u in this  r eg ion  may  be i n t e rp r e t ed  as a 
d i sp lacemen t  field produced by a given d is loca t ion  
d i s t r ibu t ion .  

Let us now cons ide r  some more  impor t an t  cases  
of the d i s t r ibu t ion  of d i s loca t ions  and dual moments  
and the co r r e spond ing  s t r e s s  fields.  

Let N[ p V(xs) be the sur face  dens i ty  of d i s loca t ions  
d i s t r ibu ted  on a su r face  S with contour  L, and let 
QPV(xs) denote the dual su r f ace  dens i ty  of dipole m o -  
ments .  Then for the s t r e s s e s  we have 

~"~ = --G~. ,~ �9 Q~ (xs) 6 (s) = 

= - -  f G'~P'" (x - -xs ' )  QP~ (xs) dS, (3.8) 
S 

lows that the s t r e s s  field is in the form 1 

r = H?~;,~ * rot (~'1~1 b~5 (L ~) )=  

b~ ~ H?~x~ ~ (x - -  XL) e ~'~(~ dL ~') (3.1o) 

It has s ingu la r i t i e s  only on the contour  L In con-  
t r a s t ,  the dual moment  s t r e s s  fie!d 

z ~ = ~,~ ~ . . p # ( x - - x s ) d S - .  (3.11) 

has a s ingu la r i ty  on S; it mus t  not be r e p r e se n t ed  in 
the form of an in tegra l  over  L. 

Subst i tut ing (2.7) in (3.7), we find for an edge d i s -  
locat ion 

u;, = b, G. ~ (x - -  xs) dS~.. (3.12) 

For  an i so t ropic  medium,  this fo rmula  becomes  the 
Burge r s  formula ,  which is usual ly  r ega rded  as an ex-  
p r e s s i o n  for the d i sp lacements  of an edge dis locat ion.  
(More accura te ly ,  they should be rega rded  as d i s -  
p lacements  co r re spond ing  to the dual densi ty  of force 
dipoles d i s t r ibu ted  on S. ) 

Let us now cons ide r  d is loca t ions  d i s t r ibu ted  in 
domain  V with a boundary  S and a cons tant  volume 
moment  densi ty  MPv (xv)" The dis locat ion densi ty ,  
taking into account  (1.12), may be r e p r e s e n t e d  in the 
form 2 

a t~v (x) = rot.~pMPV5 (V) = e~P~M;~5 (S,), (3.13) 

i. e . ,  this d i s t r ibu t ion  is exact ly equivalent  to the c o r -  
responding  d i s t r ibu t ion  of uncompensa ted  d is locat ions  
on S, and s t r e s s e s  ins ide  and outside S a r e  given by 
(3.9). It should be pointed out that if q or p sa t is fy  
condit ions div q = 0 or Rot # = 0, then in these  cases ,  
r e spec t ive ly ,  cr = --q,  ~' = 0 or ~ = 0, a '  = q. 

4. Pmblezns of spherical and cylindrical symmetry. To illustrate 
the use of the general relations we shall analyze some simple prob- 

t h  a lems which can be solved by a direct me od. 
The case of spherical symmetry will be discussed fir~. Let the 

domain V be a sphere bounded by a spherical surface S of radius R. 
It can easily be seen that in spherical coordinates r, ~. 

5(V)=O(R--r), ~}(S) = 8(r  - - R ) ,  (4.1) 

where e(r) = 1 for r > 0 and O(r)= 0 for r < O. 

aot%,H?~.~  (z - -  = ~ xs) M ~v (xs) dS.  (3.9) 

In acco rdance  with (3.6) the i r  d i f fe rence  is equal  to 
QO v (xs) 6 (S), i . e . ,  to a s ingu la r i t y  concen t ra t ed  on 

S. 
If M ~  (x s) = bVn p (xS), and, consequent ly ,  #pv co-  

inc ides  with (2. 7), this  d i s t r ibu t ion  c o r r e s p o n d s  to an 
edge d i s loca t ion  with dens i ty  (2.5). F r o m  (3.2) it fo l -  

1 A r e p r e s e n t a t i o n  of a in t e r m s  of an in tegra l  over  
L was obtained for an i so t rop ic  medium by Peach and 
Koehler  [10]. 

2 This  case  c o r r e s p o n d s  to the p rob lem of an i n -  
c lus ion  ana lyzed  by J. Eshelhy [9 I. 

SThe more general problem of an ellipsoidal inclusion is analyzed 

in [91. 
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For the sake of simplicity we shall comider only tensors with non- 
zero components Art -= A t, A&b = A~0~p ---- A O. Then, the components 
of the dislocation incompatibili ty rl(r) given by (2.4) will, in spherical 
coordinates, be written in the form [10] 

2 1 
qr L P~r)J, ~a T 

Tr1*,a t t = -k r(1*~, - -  = [(r[%)" - -  1./1' (4 .2)  

It can readily be verified that the condition div ~? = 0, or 

'qr' 4- 2r-l(qr - -  %) = 0 (4.3) 

is identically satisfied. Consequently, ~ has one significant component 
~r, in terms of which ~& may be expressed with.the aid of (4.3).  

In our case the set of equations (3.1) for the internal stresses for an 
isotropic medium assumes the form (X, p are Lamg coefficients) 

2 2 2 
7 ea' + ~- (<~ - -  %)  = q~, ~,'" + - r  (% " % )  = 0 ,  

~r = (k _~_ 21.) er @ 2~.ea ' % = %er _F 2 (X @ 1*)%. (4.4) 

Let there be on a sphere S a distribution of dislocations with Burgers 
vector oriented along the radius and equal to b = const. Then from the 
general formula 

Ft ~ (x) = b'%% (S), (4.5) 

taking into account (4.1),  we find for the moment  density 

1*r = b6 (r - -  R), ~a = 0 .  (4.6) 

Substituting in (4.2),  we obtain an expression for the significant 
component 

9b 
~ = - -  -~2 6 (r - -  R). (4.7) 

The solution of (4, 4) is in the form 

41.(3k+21.)  b [ R 3 ] 
~ r =  3(~_u21.) R O ( t l - - r ) - L -  ~ T O ( r - R )  ' 

Ra 4~(3k+21 . )  b [ ] [ - O ( R - - r ) - - 2 ~ O ( r - - R ) ] "  
z a =  3 ( s  R _ (4.8) 

A natural interpretation of this problem is as follows. Into a 
spherical cavity of radius R a sphere of the  same material  is placed 
with a radial clearance (or tightness) b, and the two parts are welded 
together. If Instead of welding a force double layer is applied at the 
interface, then (in accordance with (3.6)) the corresponding stresses 
will differ by the dual moment  density 

qr = - - ( % + 2 1 * )  b 6 ( r - - R ) ,  % = = - - s  

Another interpretation can be formulated if it is taken into account 
that a temperature distribution followIng an arbitrary law T(x) corres- 
ponds to an incompatibil i ty [2] 

~1 x> (*) = Roi.~,,/rT (.)  &", (4.10) 

where y is the thermal  expansion coefficient.  Assuming T(r) = 
= Tdg(R - r), T O = const, we find 

21To o 
"qr - -  - -  T O (r  - -  R ) .  (4.11) 

Comparison with (4.7) leads to a conclusion that the temperature 
distribution is exactly equivalent to the distribution of dislocations 
with Burgers vector b = )fFoR. 

As R--* 0, the l imit ing form of a (single) Spherical dislocation is 
a point source with densities (space 8(x) corresponds to (2 ~rr~)-t&(r)). 

6 (r)  5 (r)  
1*r-- 2~r ~ , F # = O ;  ~lr - - - -  ~r ~ ' (4.12) 

~ , -  ,i~(;q--21*) ( : /z+z1*)~x-- t  ~(a;L+41*) .(4.1s) 

1.[ ' 
% - - - -  3.x(s 2p) (3k ] 2#) ra 3 (3s .(4.14) 

Now let 

~lr = -  a0 (R - -  r) (a = const). (4.15) 

This incompatibili ty corresponds, for instance, to a temperature 
distribution 

T (r) = To (1 - -  ~ T )  0 (R - - r ) ,  To = - ~  �9 (4 .16)  
F2 a R  2 

Solution of the equations for the stresses gives 

(3k-F21*) r 9R5 ] 
J 

.(3~+2.) [ R5 ] 
% = ~5 (~, + 21.) a ( 5 t ~  - 6r~) 0 ( n  - ~) - - ~ -  0 ( r  - R )  , "4" 17) 

In conclusion, let us consider the distribution of dislocations on 
the surface of a cylinder of radius p = R, with Burgers vector b = const 
oriented along p. The corresponding expressions for nonzero com-  
ponents g and ~ are in the form 

b 
1 * ~ = b S ( p - - n ) ,  ~=-- ~ 6 ( p - - R ) ,  (4.18) 

21.(s  b [ R ~ ] 
% =  k@2~t R 0 ( R - - p ) - F - ~ - O ( p - - R )  , 

21* (k -~- Ix) b [ R2 ] 
% =  - - ~ H - 2 1 .  R 0 ( R - - p ) - -  ~ 0 ( p - - R )  , (4 .19)  

As R ~ 0 we obtain at the l imit  a linear source 

6 (p) 2 6 @) (4.20) 
1*a= ~p ' ~]z-- .~ pa ' 

% = ~ (~4 N) + - 7 - ;  

1. ( s  [-2--tcP)- 5(P)] (4.21) 
% = - .~ ( 2  + '_)1.) - - - ~ j "  
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